As published on 24 August 2017August -prb 96, 054437 (2017 Recent experimental work has demonstrated optical control of spin wave emission by tuning the shape of the optical pulse (Satoh et al. Nature Photonics, 6, 662 (2012)). We reproduce these results and extend the scope of the control by investigating nonlinear effects for large amplitude excitations. We observe an accumulation of spin wave power at the center of the initial excitation combined with short-wavelength spin waves. These kind of nonlinear effects have not been observed in earlier work on nonlinearities of spin waves. Our observations pave the way for the manipulation of magnetic structures at a smaller scale than the beam focus, for instance in devices with all-optical control of magnetism.
I. INTRODUCTION
The study of propagating spin waves, collective excitations of the magnetization, is a subject of great interest in the emerging field of spintronics as they can be used in magnetic switching 1 , manipulation of domain walls 2 and logic devices 3 . In magneto-optical pumpprobe experiments, for instance in Satoh et al. 4 , the spin waves can be studied with both high spatial and temporal resolution. Furthermore, recent advancements in data gathering techniques 5 have greatly reduced measuring times to probe the spatial distribution of spin wave flow, making an experimental study of spin wave flow over a large area feasible.
One way of generating spin waves in a magnetic system is by means of the inverse Faraday effect (IFE). [6] [7] [8] In insulators with sizable spin-orbit coupling, a circularly polarized light pulse induces an effective magnetic field pulse H ind ∝ E × E * where E is the electrical component of the incident light. The induced field is directed along the wave-vector k of the light. The IFE is based on an impulsive Raman scattering process and does not rely on absorption.
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Thus, it can be used to excite spin waves at high fluence without depositing any heat in the suitable for optical spin-wave experiments because many of them have a large magnetooptical response and relatively low spin wave damping. 10 Recently, even all-optical switching of the magnetization was demonstrated in such garnet. 11 Since the magnetization couples so strongly to the optical field, garnets are ideal to study the nonlinear effects of spin wave propagation, such as self-focusing: the concentration of the spin wave power on a single point.
Nonlinear effects of magnetostatic spin waves have a relatively low excitation threshold due to the low value of the ratio of dispersion and diffraction. 12, 13 Previous work on nonlinear spin wave dynamics found self-channeling of the spin waves for a flow along a (quasi)-onedimensional sample. [14] [15] [16] For spin waves propagation in two dimensions, Brillouin lightscattering experiments showed spin wave focusing into quasi-stable 'bullets'. 12, 13, 17 In these experiments, the spin waves were excited by a microwave antenna, creating a spectrally narrow wave packet with a well defined propagation direction.
Here, we investigate the propagation of optically generated spin waves. Due to the nature of this excitation, many wavenumbers are excited and the spin waves will propagate in all in-plane directions. Such a spin wave distribution has not been studied before in the nonlinear regime. We investigate the dynamics of an optically excited wave packet by numerically solving the Landau-Lifshitz-Gilbert equation for a suitable initial configuration.
This approach makes a connection with recent magneto-optical experimental work 4,18,19 and allows us to extend the current understanding to the nonlinear regime.
This article is organized as follows. In Sec. II we introduce the system under study and explain our numerical approach. In Sec. III we present numerical results of the spin wave propagation. Sec. III A deals with the linear regime (small initial excitations) where one can derive the spin wave dispersion (III A 1). We also present typical spin wave patterns that an optical pulse excites (III A 2) and compare them to experimental data. Sec. III B expands the scope to large initial excitations and presents results for nonlinear spin wave dynamics. In Sec. IV we summarize our results and discuss the experimental feasibility of these nonlinear effects.
II. METHOD
We study the spin wave pattern that emerges when we prepare our system in an initial configuration at t = 0 and calculate the time evolution by integrating the Landau-LifshitzGilbert equation (LLG) 20 ,
where m is defined as the magnetization vector per volume, γ is the gyromagnetic ratio, α is the Gilbert damping parameter and H eff is the effective magnetic field, calculated as the functional derivative of the energy with respect to the magnetization. The first term on the r.h.s. of Eq. 1 describes a precessional motion of the magnetization around the effective magnetic field. The second term describes the damping of this precession, ultimately aligning the magnetization to the field.
We consider the following Hamiltonian
for a uniform slab of thickness L of a material with out-of-plane easy-axis magnetic anisotropy H ani ∼ K(m ·ê z ) 2 whereê z is the normal to the surface. Magnetostatic dipoledipole interactions are taken into account in the H dip term and H Z ∼ M S H x Z represents the Zeeman energy for an in-plane static external magnetic field that aligns the equilibrium magnetization M S alongê x . For garnets, the exchange length, l ex = 2A/µ 0 M 2 S with A the exchange constant, is of the order of nanometers, very small compared to the typical wavelengths of magnetostatic waves. 21 Therefore, we neglect the contribution of exchange.
This defines the applicability of our approach as long as the wavelength 2π/k of the spin waves is large compared to l ex i.e. kl ex 1.
We solve Eq. 1 on a 2400 × 2000 square lattice of macrospins with lattice parameter a = 1µm and periodic boundary conditions. 22 We fix the spin wave profile in the direction normal to the plane to be uniformly distributed (the uniform mode approximation). This approximation enables us to simulate the system as effectively two dimensional, greatly decreasing computational costs. Since the lowest order profile of the volume modes is homogeneous throughout the sample, this approximation is also effective beyond the thin-film limit 23 . The thickness L of the sample defines the intrinsic length scale in the calculation.
To be able to capture the magnetization dynamics, we have taken care that the resolution is much smaller than this length scale (a L). Note that an optical excitation relying on the IFE acts uniformly through the sample, since it can be tuned to operate at an optical wavelength where the system is transparent.
Since the period of the typical spin waves in our system is much longer than the pulse duration of the incident light, the effect of the optical field can be considered as instantaneous. Thus, in accordance with Eq. 1, for light at normal incidence the IFE leads to a tilt of the magnetization over an angle θ in the direction of −(m × −ê z ) i.e. a clockwise rotation aroundê z . The profile of the optical pulse determines the spatial extent of the tilted spins.
In this paper we consider the tilt angle profiles having the Gaussian shape
where x 0 and y 0 determine the ellipticity of the laser spot, ϑ is the maximum amplitude and the minus sign gives the rotation direction. Pulses with x 0 = y 0 can be achieved by using an aperture as is done in Ref. 4 . A strong induced field due to the IFE effect would result in a large value for ϑ. Since |m|/M S = 1, the local magnetization after the pulse is given by m ϑ (x, y) = cos θê x + sin θê y .
(4) Figure 1 shows the systems geometry and two excited states resulting from two laser pulses
for different values of ϑ. The calculations were performed with the micromagnetics code developed in our group.
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The numerical integration follows the implicit midpoint scheme (IMP) which conserves the magnitude of the initial spins. 25 A second property of this integration scheme is that it exactly conserves energy for Hamiltonians that are of quadratic order in the magnetization when damping is zero.
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III. RESULTS
A. The linear regime (ϑ = 1 • )
The uniform mode dispersion
If we assume a uniform spin wave profile throughout the depth of the material, the dipole-dipole term in the Hamiltonian of Eq. 2 can be treated analytically. 23, 27, 28 When the amplitude of the initial excitation ϑ is small, it is possible to linearize the Landau-Lifshitz equation without damping and calculate the dispersion ω of a spin wave with wave-vector k
with
y and M x is the component of the magnetization along the x-direction (since ϑ is small, M x ≈ M S ). For spin waves parallel to the equilibrium magnetization (k M) the dispersion reduces to the well known result for volume spin waves in thin films.
13,29
Figure 2 shows the dispersion relation of Eq. 5 along the x-and y-axis, using the parameters from Table I . For almost all wave-vectors |k|, the dispersion has negative slope. The associated spin waves are called backward volume magnetostatic waves (BVMSW) due to their negative group velocity. At k = 0, the dispersion has as discontinuity in its derivative, indicative of long-range interactions. For completeness we note that for very small values of k y , the dispersion starts with a positive slope (see inset Fig. 2b ), changing sign when k y increases.
This maximum in the dispersion results from the uniform mode approximation and disappears when the spin wave profile is allowed to vary in the z-direction. 23 In that case, the dispersion starts out flat for small k y , decreasing when k y increases.
Spin wave patterns
The propagation of optically generated spin waves in the linear regime has recently been experimentally studied using a pump-probe technique by Satoh et al. 4 . To assert the validity of our numerical scheme, which relies on the uniform mode approximation, we have calculated the spin wave patterns for the experimental parameters from Ref. 4. Figure 3 shows three snapshots of the spin wave pattern at t = 1.5 ns for the excited state given by Since our method does not rely on a priori knowledge of the dispersion, it enables us to explore the large ϑ regime. As a first indicator of the emergence of nonlinear effects, we look at the frequency f = ω/2π of the resonant mode (k = 0) for increasing values of ϑ. From Eq. 5 one can see that for increasing ϑ, the resonance frequency is expected to soften since the component of the magnetization along the magnetic field gets smaller for larger opening angles. 31 In Fig. 4 we show numerical results for the resonance frequency as a function of We now return to excitations with a spacial profile given by Eq. 4. In Fig. 5 we show snapshots of the spin wave pattern at t = 0.94 ns for six values of ϑ and x 0 = y 0 = 25 µm.
In the Supplemental Material 30 we show a video of the dynamics of the spin wave pattern for ϑ = 25
• . In Fig. 6 we show the spin wave signal along the line y = 0 for ϑ = 1
• and ϑ = 40
• at various times.
We observe a strong dependence on the tilt angle ϑ. For low values of ϑ, the spin waves propagate away from the center of the initial excitation (x = y = 0). For larger ϑ the spin waves stay localized at x = y = 0. Furthermore, the spin waves observed at larger ϑ have a shorter wavelength compared to the spin waves observed at the same time for lower ϑ. This phenomenon becomes clearly noticeable for ϑ 20
• . One can also notice that the symmetry of the spin wave pattern changes for larger ϑ.
This has to do with the asymmetry introduced due to the initial excitation given by Eq. 4
which is negligible for small values of ϑ and becomes appreciable at larger ϑ.
A different way to visualize the localization of spin waves is shown in Fig. 7 . Here we plot the integrated spin wave power S |m z |ds for two areas S on the sample, depicted in the top right corner of the figure. The spin wave power starts localized at the center of the sample within a circle with radius r ≤ 3r 0 .
The spin waves then flow outwards as can be seen by an increase in the spin wave power in the ring 3r 0 ≤ r ≤ 6r 0 . For low values of ϑ, the spin wave power at the initial location vanishes whereas for larger initial ϑ we see that there remains a sizeable contribution of the spin wave power within the circle r ≤ 3r 0 . For the larger ϑ, the spin wave power within the circle with r ≤ 3r 0 dominates whereas in the low ϑ case, it has propagated out of this area.
A good way to compare the spin wave flow for various ϑ, is to inspect the time when the spin wave power drops below half of the maximum intensity. In the region 3r 0 ≤ r ≤ 6r 0 , in Fig. 7b , this happens earlier for increasing ϑ. Combined with the fact that the spin wave power inside the area r ≤ 3r 0 in Fig. 7a stays relatively high we conclude the spin waves accumulate at the center and we may speak of self focusing. To understand this effect we examine the spectral composition of the spin waves distribution. For circular excitations the Fourier transform of the initial state is a Gaussian with radius |k 0 | = 1/(2π|r 0 |) in k-space. Each mode will precess with frequency ω(k) around the external field H x Z . In the linear regime, the spins do not interact and the initial wavenumber distribution will not change with time. However, if ϑ increases and the system enters the nonlinear regime, modes not present in the initial excitation can become populated. This is shown in Fig. 8 where the time-averaged intensity of the Fourier modes associated with M z (F (M z )) is plotted for three values of ϑ. The initial wavenumbers are bounded by a circle with radius k = 3k 0 . For ϑ = 1 • , these modes do not expand outside this bound during the time evolution. However, for larger values of ϑ, the spin wave modes are not confined to this initial area. Modes with higher wavenumbers arise that correspond to the short wavelength spin waves shown in Fig. 5 and Fig. 6 . The shape of the wavenumber distribution for large ϑ is reminiscent of the dispersion shown in Fig. 2 . This suggests that, even in the large ϑ regime where a derivation of the dispersion is not possible, the overall shape will be similar.
To get some insight into the wavenumber redistribution we consider the time evolution of a plane wave excitation:
with k ini = (0.01, 0.005) µm −1 . As before, m 0 is a normalization constant ensuring |m| = 1 and ϑ governs the amplitude of the sinusoidal modulation of the magnetization. In k-space, this mode gives two sharp peaks at ±k ini . In Fig. 9 we show the time-average (∆t = 1.176 ns) of the wavenumber distribution along k ini for two initial excitations following Eq. 6, varying ϑ. We find that the distribution does not change in time for ϑ = 1
• . However, when
we increase ϑ to 20
• , modes with integer multiples of |k ini | are present. Our method does not allow us to study the interaction that leads to the wavenumber multiplication in detail, but it can be generally understood as an inelastic scattering process.
As mentioned in the introduction, previous studies of spin waves in the nonlinear regime have been performed. 12, 13, 15 The observed nonlinear effects were interpreted using the nonlinear Schrödinger equation (NSE) for spin waves. 29, [32] [33] [34] This equation can be derived when one expands the spin wave dispersion around a wave-vector k 0 for small variations in the wavenumber and the spin wave amplitude. For a spectrally narrow wave packet, the (2 dimensional) NSE predicts (quasi) stable propagating solutions where the spin wave packet does not change its shape, a spin wave bullet. Our results of nonlinearities of BVMSW cannot be explained in the framework of the NSE. Firstly, the optical excitations that we study create spectrally broad excitations where a carrier wave-vector k 0 cannot be identified. Secondly, the optical excitation modeled in this paper is centered at k = 0 and due to the discontinuous derivative of the spin wave dispersion, an expansion of the dispersion around this point is ill-defined. The self-focusing spin waves we observe have a qualitatively different behavior than those described by the NSE, since they accumulate in the same location for all times. We conclude that the nonlinear phenomena observed are of different nature that those described in previous studies. that by using higher-frequency optical pulses ∼ 10 T fields could be achieved, bringing the system in the nonlinear regime.
In the nonlinear regime, the self-focusing leads to large amplitude precession of the magnetization at the center of the pulse spot. The shape of the spin wave focus is determined by the spin wave dispersion ω(k) and the shape of the incident beam. It is at least an order of magnitude smaller than the dimensions of the provided optical pulse. We hope that our predictions will stimulate experiments in the nonlinear regime and the study of self-focusing of spin waves in the two dimensional plane. Control of the spin wave flow in combination with nonlinear behavior could be useful in technological applications where a strong precession affects a local magnetic structure, such as in switching devices.
